In view of the newly conjectured Kac-Moody symmetries of supergravity theories placed in eleven and ten dimensions, the relation between these symmetry groups and possible compactifications are examined. In particular, we identify the relevant group cosets that parametrise the vacuum solutions of AdS × S type.
Introduction
Recently a class of infinite dimensional groups has been conjectured to play a role in the formulation of supergravity (superstring) theories. The generating algebras are KacMoody algebras and belong to the specific subset that can be obtained from classical Lie algebras by a well-defined procedure. The relation between these so-called veryextended algebras and uncompactified (super) gravity theories has first been suggested in [1] . Afterwards it was shown that almost all (super)gravities admit a description as a non-linear realisation [2, 3, 4, 5] of groups generated by a subalgebra of these very-extended algebras. In [6] this subalgebra was defined to be given by including all roots up to and including the first imaginary root. Further properties of these particular Kac-Moody algebras were presented in [7] . Relations to string theory were examined in [8, 9] . The question we focus on is to identify subalgebras of these huge algebras that correspond to solutions of the relevant supergravities. In order to have the full Kac-Moody algebra present we must require that all fields, i.e. metric and gauge fields are non vanishing. We will show that some known symmetry algebras are indeed very obviously contained in E 11 . In the next two sections we want to discuss the situation in eleven and ten dimensions.
Possible vacua of D = 11 supergravity
In [1] it was conjectured that eleven dimensional supergravity admits a description as a nonlinear realisation of the Kac-Moody algebra E 11 , whose the Dynkin diagram is depicted in Figure A Figure A This algebra obviously contains the subalgebra A 10 . This subalgebra in turn contains a subalgebra SO(1, 10) which we take to be local. The signature is chosen to ensure the correct Lorentz transformation properties of the fields parametrising the coset. This signature can be obtained by using a slightly modified version of the Cartan involution. This 'temporal' involution was presented in [8] and defined in the following way. On the elements of the Cartan subalgebra one defines the action (as in the Cartan involution) by
and on the simple positive and negative roots as
where α is parametrising any set of simple positive roots, and ǫ α is defined according to the number of indices of the relevant generator that are pointing in the time-like direction, i.e. it is taken to be +1 if the number of indices pointing in the time direction ('1') is even, and -1 otherwise. This action on the simple roots naturally extends to an action on all roots [8] . The linear combinations given by E α − ǫ α E −α are invariant under this involution. It is easy to see that in the special case of an SL(d) algebra with generators K a b the linear combination E α − ǫ α E −α singles out the antisymmetric generators J ab = K ab − K ba , where the indices have been pulled down with the flat Minkowski metric whose signature we choose to be η ab = diag(−, + . . . +) * 1 . These are the generators of the Lorentz group in d dimensions SO(1, d − 1). We consider cosets G/H where H is given by the generators that are invariant under the 'temporal' involution. Given the above it is obvious that the linear combinations E α + ǫ α E −α , and the elements of the Cartan subalgebra (1) parametrise the coset. In the non-linear realisation we take a group element g to transform as
where g ⊂ G and h ⊂ H. If the Cartan form g −1 dg is enhanced by the Lorentz connection term ω [1, 10] 
where ω transforms as
then the connection terms cancel out, and V transforms covariantly under H
In particular, if H is the Lorentz group (see above) then the corresponding Cartan form V is Lorentz covariant [10] . It is convenient to split representations of E 11 into representations of A 10 since in the latter it is simple to find the Lorentz subalgebra. This analysis of splitting representations with respect to their A n subalgebra has been carried out in [5, 6] and we briefly give the results. At level zero of the decomposition the adjoint representation of A 10 ∼ SL(11) is reproduced, while at level 1, 2, and 3 the generators
occur respectively. We next want to split the A 10 subalgebra into subalgebras A 6 and A 3 by deleting the fourth node of the A 10 subalgebra from the right. This corresponds to a split of SL (11) into SL(4) and SL(7) where both subspaces completely decouple
(the unhatted K a b lives in seven dimensions and the hatted one in four). The reason for these special values will become obvious in due course. In terms of the original E 11 algebra with the additional generators mentioned in equation (7), we realise that the 3-form generator can be coupled to the A 3 subalgebra on the right hand side, see Figure B . 
Figure B
By this form of splitting the algebra we conclude that the 3-form generator can merely take values in the four dimensional subspace A 3 it couples to. In the full non-linear realisation of E 11 [2, 3, 10] one finds the covariant quantity belonging to this generator by calculating the Cartan form and taking the closure with the conformal group. The resulting object is F a1a2a3a4 = 4∂ [a1 A a2a3a4] and can be identified with the field strength of eleven dimensional supergravity. Since the splitting of the algebra allows dependence on 4 dimensions only, we have to conclude that this field strengths is proportional to ǫ a1a2a3a4 (Freund-Rubin ansatz). In fact, the only Lorentz covariant field equation for the 3-form gauge field in the nonlinear realisation of (parts of) E 11 is given by
indicating that the field strength of the 6-form gauge field is living in the space orthogonal to the chosen 4 dimensions. In terms of identifying (irregular * 2 ) subalgebras of E 11 we find that the generator of the 6-form potential which is redundant in the Dynkin diagram of E 11 since it does not correspond to a simple root may still be taken to be non-trivial. Because of antisymmetry in all indices this generator can not couple to the four-dimensional subspace singled out by performing the 11 → 7 + 4 split. It couples to the seven-dimensional subspace though (compatible with the eleven dimensional interpretation) and in fact can be taken to promote the A 6 subalgebra to A 7 by defining a new coordinate (-1) for the generators of SL (7) K
and correspondingly for the negative roots and the element of the Cartan subalgebra. The resulting algebra is the one of SL (8). This process is depicted in Figure C .
Figure C Due to the split of the A 10 subalgebra, this generator had to be reintroduced by hand since the commutation relations for the SL(5) subalgebra involving R abc has become trivial (while it wasn't in the whole E 11 case):
From the group theoretic point of view we have merely identified the irregular subgroup A 7 × A 4 of E 11 . The particular property that the generators R a1a2a3 and R a1...a6 enhance respectively both of the chosen subalgebras of A 10 , was the original motivation to choose the specific values for the splitting. We also notice, that the level-3 generator in (7) which is antisymmetric in eight indices cannot live on either of the two subspaces * 3 . We are provided a natural cut-off for the roots of E 11 . The split of the algebra as performed above results in a subalgebra of E 11 that is given by A 7 × A 4 and is finite! In the following we concentrate on the local subalgebras that arise via the temporal involution as was indicated in the opening of this paragraph. Since the E 11 algebra is assumed to be given in its maximal non-compact form, so is its A 4 ∼ SL(5) subalgebra. We thus identify SO(5) as the compact subalgebra which is taken to be local in the relevant coset SL(5)/SO(5). This coset is parametrised by the fields of the theory which only live in four dimensions spanned by the A 3 subalgebra of A 10 , i.e. by the (traceless) generators Kâb + Kbâ and the linear combination Râ 1â2â3 + Râ 1â2â3 as well as the elements of the Cartan subalgebra given by appropriate linear combinations of Kââ (â = 8, . . . , 11). The local subgroup is spanned by the generators
with minus signs since none of the indices is time-like. It has been noted in [11, 3, 8] that a generator coupling to the far left side of an A d−1 subalgebra has the same Lorentz transformation properties as the momentum generator. This is so because the d-dimensional antisymmetric symbol can be used for dualisation
(13) * 2 As opposing regular embeddings which can directly be found by identifying subalgebras in the Dynkin diagram.
* 3 This generator tends to be a latent source for troubles since its interpretations as a gravity dual is not fully understood.
We find ourselves to be in precisely this situation, and therefore use the previous equation to rewrite the 3-form potential asPâ
where we find [Kâb,Pĉ] = −δâ cPb + δâ bPĉ .
Taking out a trace part byKâb = Kâb − 
In particular we have to apply the temporal involution to the generatorPâ. Still, since none of the indices is time-like we find the local subalgebra to be spanned by generators * 4 Jâb = Kâb − Kbâ, and Pĉ =Pĉ − ηĉdPd,
where indices are shoveled about with ηâb = (+, +, +, +). The generators Jâb correspond to the usual Lorentz generators in the 4 dimensional subalgebra of A 3 ∼ SL(4). In view of the last equation (17) one can further identify the momentum generator with a generator of the Lorentz algebra in a new direction #
This momentum generator can now be taken to parametrise the coset SO (5) SO (4) , describing the previously discussed reduction of the afore mentioned local SO(5) symmetry to SO(4) (pure Lorentz symmetry). This coset is well-known to define the 4-sphere S 4 and indicates that E 11 naturally contains the part of the vacuum solution that is given by the 4-sphere. This is not the whole discussion since we have to deal with the left hand side of the diagram in Figure C . Again the node generating the 6-form potential behaves exactly like a momentum operator of this subspace. In particular, the generator corresponding to the simple positive root on the far left of A 7 can in seven dimensions be dualised
and obviously contains the time-like coordinate. Using the temporal involution on the A 7 ∼ SL(8) algebra and using the momentum generator to enhance the SO(1, 6) Lorentz algebra we find the full local subgroup to be SO (2, 6) . This time the generator
parametrises the coset
SO (1, 6) which is well-known to be AdS 7 . Using terminology of the conformal group we called this 'momentum generator' K a -the generator of special conformal transformations.
As a complete solution for the vacuum we find S 4 × AdS 7 . This is a known result; this time, however, derived from a purely group theoretical point of view.
Splitting SL(11) into different SL(d) subalgebras
First of all we note that one can also consistently decompose SL(11) → SL(4) × SL (7) with the latter tensor product exchanged relative to the previous discussion. One then gets the following split Dynkin diagram, see Figure D where we have already used the generators R a1a2a3 , and R a1...a6 to extend the relevant subalgebras. Figure D The above discussion goes through in complete analogy. This time SL(7) from the right hand gets enhanced to SL(8). Again we can make the identification of the momentum generator with the generator of the 6-form potential. This time the relevant dualisation does not involve a time index. The temporal involution just generates the subgroup SO(8) which we would like to interpret as SO (7) and the momentum generator. This momentum generator then parametrises the seven sphere S 7 . The group covariant expression for 6-form generators (also group covariant with respect to the relevant conformal group) depends only on seven indices 5, . . . , 11 and therefore has to be proportional to the totally antisymmetric tensor in this dimension. It is natural to identify the field strength with the volume form of the seven sphere S 7 . On the left hand side of the Dynkin diagram we find the 3-form potential to couple to the first node which involves the time direction. The interpretation of the simple positive root as a momentum generator viaP
implies that the invariant generators of the temporal involution span the group SO(2, 3). However, as usually we interpret the additional node as a momentum generator parametrising the coset SO(2, 3)/SO(1, 3) which corresponds to AdS 4 . This solution thereby corresponds to the other known vacuum solution of eleven dimensional supergravity AdS 4 ×S 7 .
Other cases to consider concern the splitting of A 10 → A 5 × A 4 , depicted in Figure  E , where we have already enhanced the relevant subalgebras by the representations antisymmetric in three and six indices respectively. 
Figure E
We find R a1...a6 not to be coupled to the 6 dimensional subspace to the left. The extra scalar node (called R 6 ) can be seen to arrive by using the ǫ symbol of 6d space-time (A 5 ) to contract all indices of R a1...a6 . This time we do not have available the interpretation of momentum generators which can only be used when the additional node couples to the far left side of an A d−1 subalgebra. In fact, we do not find it on either side of this split. Another simple thought shows that the Lorentz covariant and gauge invariant object of the theory -the field strengths-for example F a1...a7 has to vanish since the indices only range over 6 (or 5) different values. The eleven dimensional generalised self-duality condition (which is the only Lorentz covariant way of relating the group covariant objects belonging to dual generators) then automatically puts to zero the dual field strength ∂ µÂa1a2a3 . We find that although the 6-form potential can live in a six dimensional subspace, its field strengths can not. In a very similar way also the discussion for the splitting A 10 → A 2 × A 7 goes wrong since one can not interpret the gauge field nodes as 'momentum' generator. Also, the relevant field strengths with antisymmetric indices are not compatible with the dimensionality of the subspaces. The situation becomes even worse if one tries to place the 6-form potential in this A 2 subspace. Finally, it is easy to see that also A 10 → A 1 × A 8 can be excluded.
Other supergravity theories
If the above analysis reproduces the known results in case of eleven dimensional supergravity it is natural to ask whether it also does for the ten dimensional theories. We start considering the case of IIB theory. This theory was shown to also be in relation with a non-linear realisation of E 11 [2] . It might therefore be surprising that we will indeed find the known S 5 × AdS 5 solution for this case as well. The novel feature here is that the gravity subalgebra is A 9 instead of the full A 10 . It is natural to decompose the representations of E 11 into those of A 9 in the way that is indicated in Figure F , where we have placed the two expansion nodes above the relevant gravity line.
Figure F
The decomposition of representation has in great detail been carried out in [5, 6] , where it has also been shown that very-extended E 8 , also called E +++ 8 contains the subalgebra E +++ 7 . Both algebras contain the same A 9 subalgebra but differ in the remaining nodes.
We depict E 
at level 1 and 2 respectively. It can be shown that the relevant non-linear realisation describes the theory which is a consistent truncation of IIB supergravity, namely the one where all gauge fields have been set to zero except the self-dual 5-form field strength [2, 6] . Since we have disposed of some generators on the algebra side, we will find less supersymmetry on the gravity side. However, we are now in the position to resume the discussion from chapter 2. We split the A 9 subalgebra (for good reason) into A 4 × A 4 by deleting the middle node SL ( . As in chapter 2 we find it possible to interpret the nodes corresponding to R ± 4 as 'momentum' generators. In applying exactly the same analysis as in the previous chapter we find these momentum generators to parametrise the coset spaces
We merely note that splitting the A 9 subalgebra in any other way will not lead to consistent results Performing a similar analysis on other very-extended groups G +++ gives analogous results. Let us briefly carry out the analysis for groups of the D n -series of Lie algebras, i.e. we take the Kac-Moody groups D +++ n . The discussion goes through for each value of n, but we will draw the diagram of D +++ 8 which was also considered in [6] . . This representation content shows that we find enhanced subalgebras of A 9 if we split SL(10) → SL(7) × SL(3) (by deleting node 7) or SL(10) → SL(3) × SL(7) (by deleting node 3). Repeating the same arguments as in chapter 2, we find evidence for the existence of vacuum solutions AdS 7 × S 3 and AdS 3 × S 7 . All other splits of A 9 will not result in appropriate cosets.
In a similar fashion one shows that there does not appear to exist such a vacuum solution for E +++ 6 . This concludes the discussion for simply laced Kac-Moody algebras. It is easy to check that the only other possible AdS × S spectrum seems to occur for G +++ 2 with vacuum solutions AdS 3 × S 2 and AdS 2 × S 3 .
Discussion
By considering appropriate (finite) subalgebras of a special class of Kac-Moody algebras called very-extended algebras, we have collected evidence that the known vacuum solutions of supergravity theories can be very easily derived from the corresponding KacMoody algebra. We made use of the full very-extended algebras, and cannot discover these vacuum solutions if we start from any other than the very-extended algebras. It is also an interesting feature of our discussion that the generators corresponding to duals of gravity naturally vanish. By using the temporal involution [8] we furthermore found the right signatures of the subgroups to turn up in the correct way. It would be interesting to discover less simple solutions of 11d supergravity via a similar approach. Amazingly all the solutions found so far support supersymmetry. In [12] the relation of cosets spaces to supersymmetry was explained and it was shown that the Killing spinor equation can be understood geometrically. It would be challenging to see how supersymmetry can be embedded into the full Kac-Moody algebra E 11 .
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